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We find that massless Higgs doublets at the GUT scale can be the natural result of a 
discrete symmetry. Such a mechanism does not require elaborate fine tuning or complicated 
particle content. The same discrete symmetry will also protect against proton decay and 
flavor changing neutral currents. However, this mechanism always predicts non-minimal 
standard models. An explicit example of how this mechanism works is also included. 
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1. Introduction 

Ever since tlie first grand unified ttieory was proposed 18 years ago |]l|], ptiysicists have 
been troubled by ttie tiierarctiy problem, i.e., the existence of two mass scales differing by 
approximately thirteen orders of magnitude. In terms of perturbative field theory, this 
implies an almost exact cancelation between the bare masses of the Higgs bosons and their 
radiative corrections. Since no symmetry prohibits these mass terms, it seems unlikely that 
such cancellations should occur. Two possible solutions have been suggested. The first 
approach is to introduce new strongly coupled gauge interaction, known as technicolor, and 
to make the Higgs a composite particle, so that the hierarchy problem is automatically 
evaded. Unfortunately, this type of theory is not yet well understood due to its strongly 
coupled nature. We will turn our attention to the second type of theory: supersymmetry 
(SUSY). Supersymmetry is a symmetry between bosons and fermions. If supersymmetry 
is exact, the radiative corrections to Higgs mass terms will vanish due to the cancelation 
between diagrams with boson loops and those with fermion ones. Therefore, if its bare 
mass is zero at the grand unification theory (GUT) scale, the Higgs particle will remain 
massless down to the SUSY breaking scale, which can be made sufficiently small, thus 
solving the hierarchy problem. 

However, there remains one thorny problem in this rosy picture — the fact that the 
Higgs doublets have to be massless at the GUT scale. It may not seem unnatural at 
first, since lepton superfields are also massless. However, leptons come with color triplet 
partners (quarks), which are also massless at the GUT scale, while color triplet Higgs have 
to have GUT masses in order to suppress proton decay. We will refer to this problem as the 
doublet-triplet hierarchy (The authors of Ref. |]^ call it the "Second Hierarchy Problem".). 

Various authors have attempted to construct models that solve this problem without 
fine-tuning. One approach is the so-called "sliding singlet" mechanism [|^ in which a sin- 
glet Higgs particle is introduced so that its vacuum expectation value (VEV) will almost 
completely cancel the doublets' otherwise large masses. Unfortunately, it was pointed out 
later Q that this solution is not really the global minimum of the effective potential as 
hoped, and it is for this reason that no satisfactory models have been successfully built 
based on this idea. Another ingenious method of producing light Higgs doublets is the 
"missing partner" mechanism 0. This method employs special group structiire in the 
Higgs sector to give colored Higgs particles large masses while prohibiting the doublets 
from getting masses by using additional discrete symmetries. The drawback of this type of 
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models is that they always require very large representations, making the particle content 
somewhat complicated and aesthetically unpleasant. More recently, a third method was 
proposed which involves a global SU{6) containing the gauge group SU{5) as a sub- 
group. When SU{6) spontaneously breaks, the doublet Higgs become pseudo-Goldstone 
bosons and remain light. However, it is not clear how to justify the introduction of this 
SU{6) group since global symmetries are usually considered undesirable. There have also 
been a number of other ideas, but all of them seem to have fine-tuning hidden somewhere. 

We will explore instead the possibility of making doublet Higgs bosons light with a 
mechanism using nothing but a discrete symmetry such as the cyclic group C„. This 
scheme is implemented in the framework of the supersymmetric 5^7(3)^ GUT model 0, 
also known as the trinification scheme @. Such discrete symmetries are common results 
of string compactification, and are needed to prohibit proton decay However, we will 
consider the general case of a SUSY SU{3)^ GUT with all phenomeno logically feasible 
discrete symmetries and particle content, and not restrict ourselves to the specific model 
proposed in Ref. and We find that this mechanism is possible only if the Higgs 
doublet which gives down-type quarks masses differs from the one responsible for the 
leptons. Therefore, this mechanism is not compatible with the minimal supersymmetric 
standard model (MSSM). However, flavor changing neutral currents (FCNC) won't be a 
problem because the same discrete symmetry which generates the doublet-triplet hierarchy 
also prohibits FCNC. 

We first describe the basic idea behind this mechanism in Section 2, and give some 
examples. In Section 3, we start to construct realistic models, and show that we require 
more than one pair of Higgs doublets. We then present an example of working non-minimal 
models in Section 4. 

2. Basic ideas 

Our scheme is based on the group SU{3)c x SU{3)l x SU{3)ii, where SU{3)c is 
the familiar color SU{3), SU{3)l contains weak SU{2), and SU{3)ii contains the right- 
handed analog of weak SU{2). This group is one of the maximal subgroups of E^, with 
the fundamental 27 — dimensional representation of Eq becoming a direct sum of three 
irreducible representations under trinification: : (3,3,1), "ifR : (3,1,3), : (1,3,3), 
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corresponding to the quarks, the anti-quarks, and the leptons respectively. The expHcit 
assignment of particles is as follows 0: 

(3,3,1) • 

(3,1,3) • 
"Hi 

(1,3,3) • 

where B is an additional superheavy down-type quark, B* is its anti-particle, and i?'s and 
A^"^ are new superheavy leptons. 

The Higgs needed to break the trinification group down to the standard model can 
be put into a (1,3,3) representation together with those needed to break weak SU(2). In 
supersymmetrized theories, they are just additional generations of leptons. The VEV's 
which break SU{2>Y are usually written as 
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These VEV's are not put in by hand. Instead, they are the most general i^-flat 
direction of the superpotential after a choice of basis, assuming only two multiplets grow 
VEV's (This can be arranged naturally [0.). Unfortunately, the D-flatness condition is 
not satisfied by them. To make the symmetry breaking possible, it is necessary to introduce 
the "mirror particles" , which come from the 27 representation of Eq. They transform under 
the trinification group like : (3,3, 1),^'^^ : (3,1,3), ^'^ : (1, 3, 3). If the (1, 3, 3) 
part gains the following VEV's, 
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both F- and D-fiatness will be satisfied. The number of light generations A''^ will be equal 
to the difference between the number of supermultiplets and that of their mirror partners, 
i.e. 

3 = iV, = (# 0/ VP.) - (# of ^'.), (2.1) 
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where x = C,L, R. Eq. (|2.1j ) also guarantees that our model is free of anomalies. 

If this had been the whole story, only the standard model fermions together with 
the right-handed neutrinos and their superpartners would have remained light, while all 
particles carrying the right quantum numbers for the standard model Higgs would have 
become superheavy. This is just the same old doublet-triplet hierarchy problem haunting 
us again. 

In order to shed new light on this problem, let's put in an additional Cn symmetry, H. 
For definiteness we choose = 4. C4 has four elements, {e,a,a^,a^}, where a'^ = e, the 
identity. It also has 4 inequivalent irreducible representations, all one dimensional, which 
can be categorized by the way they transform under the group element a, i.e. 1, and 
—i, where i = V— 1. For example, the representation —1 transform under {e, a, a^, a^} like 
{1,-1,1,-1}, which means it is not a faithful representation. 

Since the multiplets which develop the VEV's v and w do not necessarily transform 
trivially under H, in general H is broken together with SU{3)^ by v and w. However, 
there always remains an unbroken C4, H' , which is the product of H and an element 
Ug of SU{3)^, if we ignore the VEV's in [|10|. From the fact that Ug commutes with 
SU{3)c X SU{2)w X U{1)y and that v does not equal w in general, we conclude that Ug 
must assume the following form. 



if} 



Ug= [ 1 I X I I X 



, -2a / \ n-P-1 

* / L \ * / R 

where a, /3 and 7 are integers mod 4. Using the fact that v and w must transform trivially 
under H', it is easy to show that for any given set of ct, P and 7, there exists a unique 
choice for how the multiplets containing v and w should transform under H. However, 
the reverse is not true because sets of (a, /3, 7) related by the also unbroken U{1)y are 
actually equivalent. This means that (a, /3, 7) is equivalent to (a -|- 1, /3 -|- 4, 7 — 2) since 
we can redefine Ug by 

Ug^UgX \ 1 I X I I X 1 

Hence we can always choose Ug so that, say, a = 0, and we need only consider theories 
with different 7) values. 



Let's now look more closely at what happens under symmetry breaking. Denote the 
number of ^^^^^ and ^[^^ which transform like under H as n^, (x) and (x) respectively. 
After symmetry breaking, these fields will break up into 

^ (1,2,1, x + a-/3) + (l,2,-^,a; + «-7) 

+ {l,2,~,x + a + (3 + j) + {l,l,l,x-2a- (3) 

+ (1, 1, 0, x - 2q; - 7) + (1, 1, 0, a; - 2q; + ^ + 7) 

and (2.2) 

^f) ^ (i,2,-l,x-a + /3) + (l,2,^,x-a + 7) 

+ (1, 2, a; - a - /? - 7) + (1, 1, -1, a; + 2q; + /3) 
+ (1, 1, 0, x + 2a + 7) + (1, 1, 0, X + 2a - /? - 7) 

respectively. Here the first number specifies the representation under color S'?7(3), the 
second number specifies the representation under weak SU{2), the third number is the 
hypercharge, the fourth one is the charge. It is clear that the number, n~[{y), of 
negatively-hypercharged SU{2) doublets transforming under H' like can be expressed 
as 

1^1 (y) = (1/ - a - /3 - 7) + n*, (2/ - a + 7) + n^^ (1/ + a - /3) . 
Similarly, for the positively-hypercharged doublets, we have 

n+(y) = n*,(y - a + /?) + n^^ (y + a - 7) + n^^ (y + a + /3 + 7). 

Now, for these doublets to gain GUT scale masses, the mass term has to look like 

(l,2,^,-y)x(l,2,-^,y). 

The mass matrix will therefore be divided into N blocks, each of size nj{y) x ni~{—y), 
where y goes from to iV — 1. If n{y) = {y) — n^{—y) is negative (positive), we will 
have \n{y)\ positively (negatively)-hypercharged light doublets transforming like (i^) 
under H' . Notice that 

n{y) = (y - a - /3 - 7) - n^^{-{y - a - (3 - 'j)) 

+ n*,(y-a + 7) -n^^(-(y-a + 7)) (2.3) 
- n^r, {-y - a + (3) +n^^ {-{-y -« + /?)), 



so it is only the difference between n^^{x) and n^^{—x) that counts. Define Ani{x) = 
nil,; (x — a — /9 — 7) — n^^ {—x + a + /3 + 7), we can then rewrite (|2.3D as 



n{y) = Ani{y) + Ani{y + P + 2-f)-Ani{-y + 2i3 + ^). (2.4) 
There is also a constraint on the An/ from , i.e. 



N-l 

5^An;(|/) = 3. (2.5) 

y=o 

With the singlets, e"*" and e~, the story is much simpler. Because the GUT scale 
masses can come only from terms in the superpotential that look like and and 

the first term cannot contribute in the case of singlets, there will be just as many light 
singlets as Ani{y); they transform like i2/~3a-2/3-7_ gj^^Qg ^lo negatively charged singlets 
have been observed, we have an additional constraint, 

Aniiy) > 0. (2.6) 



With (U) , O and (|2;6D in mind, we find that if, for example, (a, (3, 7) = (0, 1, 1) 
and An;(0, 1, 2, 3) = 1, 0, 2, , we will have three generations of light lepton doublets, /~, 
transforming under H' like i^, i"^ and , three generations of light anti-lepton singlets, e"*", 
transforming like i^, and z'^, together with two light Higgs doublets, and /i^, both 
transforming like i^. Notice that terms such as e^l~h2 necessary for lepton masses at 
the weak scale are present. Thus we have successfully reproduced the lepton and Higgs 
sector of the MSSM. 



3. Models with one pair of Higgs doublets 

Now we can generalize to Cat symmetry. It is actually very straightforward. We 
simply replace i with i^v, the A^'th root of 1, and all the statements in the previous section 
remain true. It turns out that for any > 4, we can always find a number of models, 
i.e. sets of a, (3, 7 and Ani(|/)'s, which give the correct lepton and Higgs content of the 
MSSM. However, when we also take into account the quark sector, no successful model is 
possible. To see why this is true, let's investigate the constraints coming from the quarks. 
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The analysis is parallel to that of the leptons in the previous section. We first write 
down the quark analog of (|2.2|), 



"^f^^^ (3, 2, ^, X - a)(^u,d) + (3, 1, ~, X + 2a)B, 



2 11 

-, X - + (3, 1, --, X - 7)j, + (3, 1, --, 

2 . 1 . . 1 



^(-) ^ (3,2,-^,x + a)(^,,-) + (3,l,^,x-2a)s, 

^'g^ ^ (3,1, + (3,l,-^,x-7)j, +(3,1,-^,x + /3 + 7)b,^ 



(3.1) 



^'S,") ^ (3, 1, X + + (3, 1, ^, X + 7)rf* + (3, 1, ^, X - /3 - 7)b* 



Again mass terms can only come from and The first does not contribute to 

and so they are analogous to the (e"'",e~) pair. Meanwhile (S, d*, 

B*) and their mirror particles are analogous to the lepton doublets because does 
mix them together. Defining AnL(^ji){y) = '^^L{R)hj) " L(R)^^y^' again only 

^T^L{R){y) matters. The two constraints, (|2.5| ) and ( |2.6| ), still hold except that they now 
read 

N-l 

5^ Anz.(fl)(y) = 3, 

Eq. (|3.2| ) implies that the solutions for AnL(i^)(y)'s fall into three categories, 
{3, 0, 0, 0, . . .} , {2, 1, 0, 0, . . .} and {1,1,1,0,...} . In the two latter cases, the quark mass 
matrices are reducible, introducing unwanted chiral U{1) symmetries which remain unbro- 
ken at the weak scale. From this analysis we can conclude 



An^(i?)(y)- otherwise, 



0, 

where yL{R) is a certain integer between and — 1. We see immediately that there 
are three light up-type anti-quarks transforming like i}^^^, and three light quark doublets 
transforming like 

We know from proton lifetime that there can be only three more light color triplets 
other than what we have just named above, which will be identified as the anti-particles 
of down-type quarks. This means that the three extra B quarks left over from the BB 
coupling have to couple with either d* or B* to gain GUT scale masses. This in turn 
implies that either —yL — 2a — yR + 'j or —yL — 2a = yR — (3 — 'j, i.e. 

yL + yR = -2a-'y, (3.3) 
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or 



yL + yR = -2a + (5 + 7. (3.4) 



Let's first consider the case of 



Tlie Higgs doublet /i^ wliicfi gives mass to down quarks lias to have coupling (i^^S*, 
so it must transform like z^*'^^ ^ i.e. z^^^^^^. Similar arguments give the if' 

property of hi as , so 

n(-3a + /3-7) = -1. 

Together with ( |2.4| ) this gives 

Ani{3a + + 27) > 1 + Anz(-3a + /3 - 7)- (3.5) 

But there are Ani{3a + P + 27) e+'s transforming like i'^^^'^ . Now if /?-2 also gives mass 
to leptons, we will also need A72;(3q! + (3 + 2^) /~'s transforming like i^^'^~^'^ . Again from 
( pT^ ) , we have 

n(-3a - 37) = Ani{-3a - 37) + Ani{-3a + /9 - 7) - Ani{3a + 2/? + 47) 

(3.6) 

> Ani{3a + (3 + 2-f). 



Using (|3.5|) we see that 

Anz(-3a - 37) > 1. 

But again we must have just as many e^'s transforming like i'^°'~'^^~'^'^ . Once more, this 
implies we should have An; (—3a — 37) /~'s transforming like z^^^^^''', but remember 
that we also have an transforming exactly the same way, so therefore : 

n(3a + /3 + 27) > Anz(-3a - 37) + 1. 



Using (|2.4|) , this can be rewritten as 



Ani{?,a + 2p + 4j) + Ani{3a + p + 2j) - Anz(-3a + - 7) 
> An;(-3a -37) + 1. 

There is obviously no solution which satisfies both (|3.6| ) and ( |3.7| ). 



(3.7) 



The same conclusion can be drawn for the case of ( p.4|) in much the same way; hence 
we have demonstrated that our mechanism is not compatible with the MSSM if the discrete 
group is Cat. 

If we generalize the group to Cn-^ x Cn^ x .. ., everything we have said in this section 
remains valid. The only difference is that the variables x, y, a, /3, 7 are now vector-like 
with the first component corresponding to Cn^ etc. 

The generalization to non-abelian discrete group is more interesting, although it won't 
work either. Notice that an irreducible CKM matrix actually demands that the light quarks 
and anti-quarks be in one-dimensional representations of the discrete group. The Higgs 
also have to be in one-dimensional representations because we want minimal models, and 
then the same proof goes through. 

So far we have considered exclusively so-called "phase symmetry", i.e. the fields 
gain phases when operated on by the group. Another type of representation is so-called 
"permutation symmetry", where the fields are transformed into each other. Fortunately 
all symmetries of this kind which are not equivalent to phase symmetries will be broken by 
the VEV's V and w, thus becoming irrelevant. Therefore our mechanism is not compatible 
with the MSSM for any discrete group. 

4. Realistic models with more Higgs doublets 

We are now ready to look at realistic models. We already know that they must contain 
at least two pairs of Higgs. That translates into four Higgs doublets, each with its own 
H' property so that we won't run into trouble with FCNC. Together with three lepton 
doublets and three singlets, we can estimate roughly that about ten representations are 
needed. A simple computer routine finds two dozen such models with 3 pairs of Higgs 
using the group C12. Readers should be warned that it has not been our intention to 
provide an exhaustive list of such models. 

We will give just one of these models here as an example. With = 12, we choose 
{a, /3, 7) to be (0,2,1), which is of course equivalent to eleven other sets of values. Ani{x) 
is set to 1 for X = 3, 8, 10; it is otherwise. This leads to three light lepton doublets 
transforming like i%, i% and i]^; three singlets of i^, i% and i]^; three h'^ of i^, 
(gives up-quark mass) and i]^; and three of i% (gives lepton mass), (gives down- 
quark mass) and i]^. Notice that the potentially troublesome coupling e^h2h2 is nicely 
forbidden by if'. 
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The quark sector is the same as we have discussed in the paragraph following ( |3.2|) , 
with a constraint on the choice of yL{R): 

yL + yR = 4, 

where yL can assume any value. 

It is obvious that only one pair of Higgs couple to the quarks. Thus flavor changing 
neutral currents will not be a problem. 

Notice that this mechanism works for most discrete groups with more than ten repre- 
sentations of dimension one. For example, it will work for the group C2 x C2 x C3 which 
appears naturally in Ref. , although the particiilar model in the said reference does not 
exhibit this mechanism. 



5. Remarks 

We have shown that the triplet-doublet hierarchy problem can be solved in a natural 
way with a discrete symmetry. We have also established that at least two pairs of Higgs 
are required. If nature should indeed choose this mechanism, it would be very difficult to 
further determine the details of the mechanism such as the group Cn, An, etc., without 
a complete knowledge of SUSY breaking. In other words, at this stage all the "good" 
models seem to be equally successful in most respects. One exception is the number of 
Higgs because it will affect how coupling constants run. It is well known that the three 



coupling constants intersect each other at one point in the MSSM [|Tl|. Additional Higgs 
particles will surely spoil this nice result. Fortunately SU{3)^ is not a real GUT group in 
the rigorous sense. It still allows three distinct coupling constants even if one goes above 
the symmetry breaking scale v. These coupling constants will be united instead at the 
supposed string scale s. With two pairs of Higgs, it turns out that s can be easily made 
small enough so as to coincide with the generally accepted value. With three pairs, s tends 
to be higher than desired. 
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